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Abstract. The axial vibration of cracked nanorods (carbon nanotubes) with arbitrary boundary 
conditions is studied. The nonlocal elasticity theory is used, and the crack severity is modeled by 
an axial spring representing the discontinuity in the axial displacement. The present model is set 
up by dividing the nanorod into two segments connected by an axial spring located at the cracked 
section. The axial displacement functions are sought as the combination of two Fourier sine series 
and Stokes’ transformation. Vibration frequencies of a nanorod for variant crack positions under 
different boundary conditions are calculated by means of the proposed method. The purpose of 
this study is mainly to present a general analytical method for the dynamical analysis of cracked 
nanorods with arbitrary boundary conditions (rigid or restrained) rather than to investigate a 
specific problem. 
Keywords: Stokes’ transformation, Fourier sine series, nonlocal elasticity theory, cracked 
nanorods, axial vibration. 
1. Introduction 
Carbon nanotubes (CNTs) are acknowledged to have superior physical, chemical, mechanical 
and electronic properties for wide potential applications [1, 2], such as graphene transistors, gas 
detection, solar cells, ultracapacitors, diagnosis devices and ultrastrength composite materials. In 
addition, the CNTs are ultralight and are highly sensitive to its environment changes [3]. Classical 
continuum theories are often employed in order to understand the mechanical properties of CNTs 
[4-9]. However, atomistic simulations [10, 11] and experimental findings [12] have proved a 
significant size effect in the mechanical performance of material at micro and nano scale. The 
application of classical continuum theories may be questionable in the theoretical analysis of 
CNTs, since these theories lack the accountability of the small-scale effects. The different formats 
of size-dependent elasticity theories such as micro-polar elasticity theory [13-15], strain gradient 
elasticity theory [16], nonlocal elasticity theory [17], couple stress theory [18] and modified 
couple stress theory [19, 20], have received increasing attention in modeling small sized  
structures. 
The nonlocal elasticity theory is widely recognized as one of the most powerful and reliable 
method in the study of CNTs. Several studies have been conducted in the last years aimed at the 
identification of mechanical properties in CNTs. Wave propagation in CNTs has been investigated 
by Lu et al [21] and Wang [22]. Static analysis of micro and nano structures has been explored by 
Wang and Liew [23]. Buckling, bending and vibration of nonhomogeneous nanotubes have been 
studied by Pradhan and Phadikar [24] using differential quadrature method. Reddy [25] has 
presented Timoshenko and the Euler-Bernoulli beam theories using the nonlocal differential 
constitutive relations of Eringen [26]. Free axial vibration of the CNTs has been considered by 
Aydogdu [27]. A single nonlocal beam model has been proposed by Pradhan and Murmu [28] to 
investigate the bending and vibration characteristics of a nanocantilever beam. Torsional buckling 
problem of carbon nanotubes has been solved by Khademolhosseini et al. [29]. Mechanical 
behavior of carbon nanotubes embedded in polymer or metal matrix has been investigated by 
several researchers [30-35]. The nonlocal elasticity theory has been also used in the nonlinear 
vibration analysis of carbon nanotubes [36]. However, fewer researches have been so far 
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conducted on the vibration behavior of cracked CNTs using nonlocal elasticity theory [37, 38]. 
The mechanical properties of cracked nanorods play an important role in process such as ZnO 
nanorods and nanowires. Due to different causes, the transverse open or breath cracks are often 
found in the nano-sized structures. Any cracks or defects in a nanorod reduce its vibration 
frequencies since it becomes more flexible. This fact has been used to detect the location of cracks 
in a nano structural component like nanorods. The computation of these vibration frequencies may 
also be used to detect the severity of cracks in a nano sized structure. Recently, a nonlocal rod 
model has been adopted for the axial vibration analysis of cracked rods with rigid boundary 
conditions [39]. 
It is well known that in real supporting situations, idealized boundary conditions 
(clamped-clamped, clamped-free, simply supported) never occur and therefore there exist axial or 
rotational restraint or both. It is often a difficult step prediction of a modal displacement function 
capable of satisfying any arbitrary restrained boundary conditions. Ansari and Darvizeh [40] have 
investigated vibrations of functionally graded shells under various edge conditions. By using 
Fourier sine series and Stokes’ transformation, vibration analysis of a beam on elastic foundation 
with elastically restrained ends has been investigated by Yayli et al. [41]. Kim and Kim [42] have 
studied the vibration of an Euler-Bernoulli beam with generally restrained boundary conditions 
by the same approach. A compact analytical method has been proposed to calculate vibrational 
frequencies of of single-walled carbon nanotubes with restrained boundary conditions by Yayli 
[43]. As far as authors’ knowledge however, there has been no study concerning the longitudinal 
vibration of a cracked nanorod with restrained boundary conditions. 
The models of cracked nanorods may be divided into two groups: “lumped flexibility” models 
and “continuous” models. In this work, we utilize the technique of “lumped flexibility models”, 
whose main characteristic is that the presence of a crack is modeled via change of the stiffness of 
nanorods at the place of the crack, which is equivalent to the stiffness of an inserted massless axial 
spring. In this work, an attempt is made to present a new analytic method for vibration analysis of 
a cracked nanorod with deformable boundary conditions. Both Fourier sine series and Stokes’ 
transformation are employed to construct the simultaneous equations for eigenvalue analysis. 
Using the coefficient matrix developed in this study, longitudinal vibration frequencies of a 
cracked nanorod with arbitrary boundary conditions can be easily computed. The obtained 
coefficient matrix can be useful in theoretical investigation that leads to determinant calculation 
of a 4×4 matrix. The present procedure for the free vibration analysis of a nanorod with a crack is 
found to be effective regardless of the boundary conditions. Influences of different parameters on 
vibration frequencies are studied and discussed. The proposed analytical method can efficiently 
be used in detecting crack severity and location in nanostructures (carbon nanotubes,  
nanoparticles, nanorods, and nanoelectromechanical systems or microelectromechanical systems) 
with arbitrary boundaries. Furthermore it can be used to predict the critical load of damaged 
nanostructures based on eigenfrequency measurements. 
2. Axial vibration of nanorod with nonlocal rod theory 
A cracked nanorod with deformable boundary conditions as shown in Fig. 1 has length ܮ and 
longitudinal uniform circular cross section with one traversed crack located at ݈ଵ. The following 
nonlocal differential equation is often used [17]: 
ߪ௜௝௡௟ − (݁଴ܽ)ଶ∇ଶߪ௜௝௡௟ = ܥ: ߝ, (1)
where ߝ  and ܥ  are the fourth order strain and elasticity tensors, respectively. ߙ  is an internal 
characteristic length and ݁଴ is a constant. Eq. (1) can be written in the following one dimensional 
form: 
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ߪ௫௫௡௟ − (݁଴ܽ)ଶ
߲ଶߪ௫௫௡௟
߲ݔଶ = ܧߝ௫௫, (2)
where ܧ is the modulus of elasticity. The equation of motion for the axial vibration can be obtained 
as: 
∂ܰ௟
∂ݔ = ݉
∂ଶݑ(ݔ, ݐ)
∂ݐଶ , (3)
where ݉ is the mass per unit length, ݑ(ݔ, ݐ) is the axial displacement and ܰ௟ is the axial force for 
local elasticity. ܰ௟ can be defined by: 
ܰ௟ = න
஺
ߪ௫௫݀ܣ, (4)
where ܣ is the cross-sectional area of the nanorod. Using Eqs. (2)-(4) the following equation can 
be found in terms of axial force: 
ܰ௡௟ − (݁଴ܽ)ଶ
∂ଶܰ௡௟
∂ݔଶ = ܰ
௟. (5)
By substituting Eq. (5) into Eq. (3), the equation of the motion of the nonlocal nanorod model 
in terms of the axial displacement as follows [27]: 
ܧܣ ∂
ଶݑ(ݔ, ݐ)
∂ݔଶ − ቊ1 − (݁଴ܽ)
ଶ ∂ଶ
∂ݔଶቋ ݉
∂ଶݑ(ݔ, ݐ)
∂ݐଶ = 0. (6)
Due to the fact that the crack separates the nanorod into two parts, the axial displacements 
cannot be defined by a single function, therefore, two axial displacement functions are required. 
The nanorod is assumed to be divided into two parts by the crack. Consequently, the above 
differential equation can be rewritten as: 
ܧܣ ∂
ଶݑଵ(ݔ, ݐ)
∂ݔଶ − ቊ1 − (݁଴ܽ)
ଶ ∂ଶ
∂ݔଶቋ ݉
∂ଶݑଵ(ݔ, ݐ)
∂ݐଶ = 0, 0 < ݔ < ݈ଵ, (7)
ܧܣ ∂
ଶݑଶ(ݔ, ݐ)
∂ݔଶ − ቊ1 − (݁଴ܽ)
ଶ ∂ଶ
∂ݔଶቋ ݉
∂ଶݑଶ(ݔ, ݐ)
∂ݐଶ = 0, ݈ଵ < ݔ < ܮ. (8)
In order to solve the Eqs. (7), (8) investigators preferred the separation of variables method 
like reference [39]. However, with the separation of variables method the above coupled 
differential equations cannot be related to the restrained boundary conditions. Therefore, another 
type of transformation should be employed to solve this non classical boundary value problem. 
3. Dynamic analysis of cracked nanorods with deformable boundary conditions 
The researchers have introduced experimentally one type of vacancy defect in nanorods known 
as a slit defect. In fact, the absence of one or more atoms in the structural of nanorods causes the 
additional strain energy which is modeled as a crack in the continuum model. In this section, the 
cracked nanorod with deformable boundary conditions for a longitudinal vibration is explored 
based on the nonlocal elasticity theory. The cracked nanorod is represented by two rod segments 
connected with a axial spring of stiffness ݇, where the right segment is after the crack section and 
the left segment is before the crack section (Fig. 1). This model promotes a discontinuity in axial 
deflection. Both nanorod segments have the same material properties: cross-section area ܣ , 
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Young’s modulus ܧ and the nonlocal parameter ݁଴ܽ.  
3.1. Modal displacement functions 
A spring is used to substitute the effect of crack on the vibration. The axial displacements over 
the two elements are denoted by ݑଵ(ݔ, ݐ) and ݑଶ(ݔ, ݐ). Assuming harmonic vibrations, ݑଵ(ݔ, ݐ) 
and ݑଶ(ݔ, ݐ) can be written in the following form: 
ݑଵ(ݔ, ݐ) = ߦ(ݔ)cos(߱ݐ), (9)
ݑଶ(ݔ, ݐ) = ߞ(ݔ)cos(߱ݐ), (10)
where ߦ(ݔ) and ߞ(ݔ) are the modal displacement functions and ߱ is the natural frequency. The 
modal displacement functions both ߦ(ݔ) and ߞ(ݔ) are described in three separate regions, two for 
boundary points and the other for the intermediate region between the boundary points:  
ߦ(ݔ) =
ۖە
۔
ۖۓߦ଴, ݔ = 0,ߦ௟భ, ݔ = ݈ଵ,
෍
ஶ
௡ୀଵ
ܣ௡sin(ߙ௡ݔ), 0 < ݔ < ݈ଵ,
 (11)
ߞ(ݔ) =
ۖە
۔
ۖۓߦ଴, ݔ = ݈ଵ,ߦ௟మ, ݔ = ܮ,
෍
ஶ
௡ୀଵ
ܤ௡sin(ߚ௡ݔ), ݈ଵ < ݔ < ܮ,
 (12)
where: 
ߙ௡ =
݊ߨݔ
݈ଵ , (13)
ߚ௡ =
݊ߨݔ
݈ଶ . (14)
The modal displacement functions in Eqs. (11) and (12) may be chosen either as a Fourier 
cosine series or as a sine series. In the present work, we consider two Fourier sine series. 
 
a) Sketch of a cracked nanorod with elastically restrained ends 
 
b) Model of the cracked nanorod with elastically restrained ends 
Fig. 1. A cracked nanorod with deformable boundary conditions 
3.2. Stokes’ transformation 
The Fourier coefficients (ܣ௡) in Eq. (11) can be conveniently written as: 
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ܣ௡ =
2
݈ଵ න
௟భ
଴
ߦ(ݔ)sin(ߙ௡ݔ)݀ݔ. (15)
Termwise differentiation of Eq. (11) yields: 
ߦ′(ݔ) = ෍
ஶ
௡ୀଵ
ߙ௡ܣ௡cos(ߙ௡ݔ). (16)
Above equation can be represented by a Fourier cosine series as follows: 
ߦ′(ݔ) = ଴݂݈ଵ + ෍
ஶ
௡ୀଵ
௡݂cos(ߙ௡ݔ). (17)
The coefficients are given by: 
଴݂ =
2
݈ଵ න
௟భ
଴
ߦ′(ݔ)݀ݔ = 2݈ଵ ሾߦ(݈ଵ) − ߦ(0)ሿ, (18)
௡݂ =
2
݈ଵ න
௟భ
଴
ߦᇱ(ݔ)cos(ߙ௡ݔ)݀ݔ, (݊ = 1, 2, … ), (19)
the ௡݂ coefficient is obtained by integrating by parts of using Eq. (19): 
௡݂ =
2
݈ଵ ሾߦ(ݔ)cos(ߙ௡ݔ)ሿ଴
௟భ + 2݈ଵ ቈߙ௡ න
௟భ
଴
ߦ(ݔ)sin(ߙ௡ݔ)݀ݔ቉, (20)
௡݂ =
2
݈ଵ ሾ(−1)
௡ߦ(݈ଵ) − ߦ(0)ሿ + ߙ௡ܣ௡. (21)
The above procedure is known as Stokes’ transformation. To compute the exact series 
expressions for the first and higher order derivatives of a Fourier sine series, Stokes’ 
transformation must be utilized. The first and second derivatives of ߦ(ݔ)  can be separately 
determined by employing Stokes’ transformation as follows: 
݀ߦ(ݔ)
݀ݔ =
ߦ௟భ − ߦ଴
݈ଵ + ෍
ஶ
௡ୀଵ
cos(ߙ௡ݔ) ቆ
2൫(−1)௡ߦ௟భ − ߦ଴൯
݈ଵ + ߙ௡ܣ௡ቇ, (22)
݀ଶߦ(ݔ)
݀ݔଶ = − ෍
ஶ
௡ୀଵ
ߙ௡sin(ߙ௡ݔ) ቆ
2൫(−1)௡ߦ௟భ − ߦ଴൯
݈ଵ + ߙ௡ܣ௡ቇ. (23)
The first two derivatives of Eq. (12) can be obtained with the use of the similar procedure: 
݀ߞ(ݔ)
݀ݔ =
ߞ௟మ − ߞ଴
݈ଶ + ෍
ஶ
௡ୀଵ
cos(ߚ௡ݔ) ቆ
2൫(−1)௡ߞ௟మ − ߞ଴൯
݈ଶ + ߚ௡ܤ௡ቇ, (24)
݀ଶߞ(ݔ)
݀ݔଶ = − ෍
ஶ
௡ୀଵ
ߚ௡sin(ߚ௡ݔ) ቆ
2൫(−1)௡ߞ௟మ − ߞ଴൯
݈ଶ + ߚ௡ܤ௡ቇ. (25)
Substituting Eqs. (9), (10), (23) and (25) into Eqs. (7) and (8), the Fourier coefficients ܣ௡ and 
ܤ௡ can be written in terms of ߦ଴, ߦ௟భ, ߞ଴ and ߞ௟మ as follows: 
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ܣ௡ =
2
݈ଵ
(݈ଵଶ − ߸ଵଶ(݁଴ܽ)ଶ)ߙ௡൫ߦ଴ − (−1)௡ߦ௟భ൯
−߸ଵଶ + (݈ଵଶ − ߸ଵଶ(݁଴ܽ)ଶ)ߙ௡ଶ ,
(26)
ܤ௡ =
2
݈ଶ
(݈ଶଶ − ߸ଶଶ(݁଴ܽ)ଶ)ߚ௡൫ߞ଴ − (−1)௡ߞ௟మ൯
−߸ଶଶ + (݈ଶଶ − ߸ଶଶ(݁଴ܽ)ଶ)ߚ௡ଶ ,
(27)
where: 
߸ଵଶ =
݉߱ଶ݈ଵଶ
ܧܣ , (28)
߸ଶଶ =
݉߱ଶ݈ଶଶ
ܧܣ . (29)
The explicit expressions of the axial displacements become: 
ݑଵ(ݔ, ݐ) = ෍
ஶ
௡ୀଵ
2
݈ଵ
Δଵߙ௡൫ߦ଴ − (−1)௡ߦ௟భ൯
−߸ଵଶ + Δଵߙ௡ଶ cos(߱ݐ)sin(ߙ௡ݔ), (30)
ݑଶ(ݔ, ݐ) = ෍
ஶ
௡ୀଵ
2
݈ଶ
Δଶߚ௡൫ߞ଴ − (−1)௡ߞ௟మ൯
−߸ଶଶ + Δଶߚ௡ଶ cos(߱ݐ)sin(ߚ௡ݔ), (31)
where: 
Δଵ = ݈ଵଶ − ߸ଵଶ(݁଴ܽ)ଶ, (32)
Δଶ = ݈ଶଶ − ߸ଶଶ(݁଴ܽ)ଶ. (33)
The inclusion of the scale parameter (݁଴ܽ)ଶ in the above two equations takes into account the 
nonlocal effects. 
4. Nonlocal boundary and jump conditions 
A nanorod of length ܮ and with one crack is considered as in Fig. (1). It is assumed that the 
crack is located at point ݈ଵ. The entire nanorod has been divided into two segments with lengths 
݈ଵ, ݈ଶ, respectively. Using Eqs. (3) and (5), the nonlocal axial force ܰ can be expressed as: 
ܰ = ൤ܧܣ + (݁଴ܽ)ଶ݉
∂
∂ݐଶ൨
∂ݑ(ݔ, ݐ)
∂ݔ . (34)
Based on Eq. (34) it is then seen that the following boundary conditions at the spring locations 
can be written as: 
ݏ଴ߦ଴ = ൤ܧܣ + (݁଴ܽ)ଶ݉
߲
߲ݐଶ൨
߲ݑଵ(ݔ, ݐ)
߲ݔ , ݔ = 0, (35)
ݏ௅ߞ௟మ = − ൤ܧܣ + (݁଴ܽ)ଶ݉
߲
߲ݐଶ൨
߲ݑଶ(ݔ, ݐ)
߲ݔ , ݔ = ܮ, (36)
where ݏ଴ and ݏ௅ are the stiffnesses of the springs at the ends of the nanorod. Finally, the jump 
conditions are given as [45]: 
݇൫ߦ௟భ − ߞ଴൯ = − ൤ܧܣ + (݁଴ܽ)ଶ݉
∂
∂ݐଶ൨
∂ݑଵ(݈ଵ, ݐ)
∂ݔ , ݔ = ݈ଵ, (37)
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∂ݑଵ(݈ଵ, ݐ)
∂ݔ =
∂ݑଶ(0, ݐ)
∂ݔ , ݔ = ݈ଵ, (38)
where ݇ is the crack flexibility constant. After some mathematical manipulations, the substitution 
of Eqs. (9), (10), (22) and (24) into Eqs. (35)-(38) leads to the four simultaneous homogeneous 
equations: 
൭−ߜଵܵ଴ + ߛଶߣଶ − 1 + ෍
ஶ
௡ୀଵ
2ߜଵଶߣଶ − 2ߛଶߜଵଶߣସ
−ߜଵଶߣଶ − ߨଶߛଶߣଶ݊ଶ + ߨଶ݊ଶ൱ ߦ଴
      + ൭1 − ߛଶߣଶ + ෍
ஶ
௡ୀଵ
2ߛଶߜଵଶߣସ(−1)௡ − 2ߜଵଶߣଶ(−1)௡
−ߜଵଶߣଶ − ߨଶߛଶߣଶ݊ଶ + ߨଶ݊ଶ ൱ ߦ௟భ = 0,
(39a)
൭1 − ߛଶߣଶ + ෍
ஶ
௡ୀଵ
2ߛଶߜଶଶߣସ(−1)௡ − 2ߜଶଶߣଶ(−1)௡
−ߜଶଶߣଶ − ߨଶߛଶߣଶ݊ଶ + ߨଶ݊ଶ ൱ ߞ଴ 
      + ൭ߛଶߣଶ − ߜଶܵ௅ − 1 + ෍
ஶ
௡ୀଵ
2ߜଶଶߣଶ − 2ߛଶߜଶଶߣସ
−ߜଶଶߣଶ − ߨଶߛଶߣଶ݊ଶ + ߨଶ݊ଶ൱ ߞ௟మ = 0, 
(39b)
൭ߛଶߣଶ − 1 + ෍
ஶ
௡ୀଵ
2ߜଵଶߣଶ − 2ߛଶߜଵଶߣସ
−ߜଵଶߣଶ − ߨଶߛଶߣଶ݊ଶ + ߨଶ݊ଶ൱ ߦ଴ 
      + ൭−ߛଶߣଶ + ߜଵܭ + 1 + ෍
ஶ
௡ୀଵ
2ߛଶߜଵଶߣସ(−1)௡ − 2ߜଵଶߣଶ(−1)௡
−ߜଵଶߣଶ − ߨଶߛଶߣଶ݊ଶ + ߨଶ݊ଶ ൱ ߦ௟భ −
ߜଵ
ܭ ߞ଴ = 0, 
(39c)
൭− 1ߜଵ + ෍
ஶ
௡ୀଵ
2ߜଵߣଶ(−1)௡
−ߜଵଶߣଶ − ߨଶߛଶߣଶ݊ଶ + ߨଶ݊ଶ൱ ߦ଴  
      + ൭ 1ߜଵ − ෍
ஶ
௡ୀଵ
2ߜଵߣଶ
−ߜଵଶߣଶ − ߨଶߛଶߣଶ݊ଶ + ߨଶ݊ଶ൱ ߦ௟భ 
      + ൭ 1ߜଶ − ෍
ஶ
௡ୀଵ
2ߜଶߣଶ
−ߜଶଶߣଶ − ߨଶߛଶߣଶ݊ଶ + ߨଶ݊ଶ൱ ߞ଴ 
      + ൭− 1ߜଶ − ෍
ஶ
௡ୀଵ
2ߜଶߣଶ(−1)௡
−ߜଶଶߣଶ − ߨଶߛଶߣଶ݊ଶ + ߨଶ݊ଶ൱ ߞ௟మ = 0, 
(39d)
where: 
ߛ = ݁଴ܽܮ , (40)
ܭ = ܧܣ݇ܮ, (41)
ߜଵ =
݈ଵ
ܮ , (42)
ߜଶ =
݈ଶ
ܮ , (43)
ܵ଴ =
ݏ଴ܮ
ܧܣ, (44)
ܵ௅ =
ݏ௅ܮ
ܧܣ, (45)
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ߣ = ඨ݉߱
ଶܮଶ
ܧܣ , (46)
and the frequencies of a cracked nanorod with different boundary conditions can be obtained by 
the following eigenvalue equation: 
൦
߰ଵଵ ߰ଵଶ ߰ଵଷ ߰ଵସ
߰ଶଵ ߰ଶଶ ߰ଶଷ ߰ଶସ
߰ଷଵ ߰ଷଶ ߰ଷଷ ߰ଷସ
߰ସଵ ߰ସଶ ߰ସଷ ߰ସସ
൪
ۏ
ێ
ێ
ۍ ߦ଴ߦ௟భ
ߞ଴
ߞ௟మے
ۑ
ۑ
ې
= 0, (47)
where: 
߰ଵଵ = −ߜଵܵ଴ + ߛଶߣଶ − 1 + ෍
ஶ
௡ୀଵ
2ߜଵଶߣଶ − 2ߛଶߜଵଶߣସ
−ߜଵଶߣଶ − ߨଶߛଶߣଶ݊ଶ + ߨଶ݊ଶ, (48)
߰ଵଶ = 1 − ߛଶߣଶ + ෍
ஶ
௡ୀଵ
2ߛଶߜଵଶߣସ(−1)௡ − 2ߜଵଶߣଶ(−1)௡
−ߜଵଶߣଶ − ߨଶߛଶߣଶ݊ଶ + ߨଶ݊ଶ , (49)
߰ଵଷ = 0,   ߰ଵସ = 0,   ߰ଶଵ = 0, ߰ଶଶ = 0, (50)
߰ଶଷ = 1 − ߛଶߣଶ + ෍
ஶ
௡ୀଵ
2ߛଶߜଶଶߣସ(−1)௡ − 2ߜଶଶߣଶ(−1)௡
−ߜଶଶߣଶ − ߨଶߛଶߣଶ݊ଶ + ߨଶ݊ଶ , (51)
߰ଶସ = ߛଶߣଶ − ߜଶܵ௅ − 1 + ෍
ஶ
௡ୀଵ
2ߜଶଶߣଶ − 2ߛଶߜଶଶߣସ
−ߜଶଶߣଶ − ߨଶߛଶߣଶ݊ଶ + ߨଶ݊ଶ, (52)
߰ଷଵ = ߛଶߣଶ − 1 + ෍
ஶ
௡ୀଵ
2ߜଵଶߣଶ − 2ߛଶߜଵଶߣସ
−ߜଵଶߣଶ − ߨଶߛଶߣଶ݊ଶ + ߨଶ݊ଶ, (53)
߰ଷଶ = −ߛଶߣଶ +
ߜଵ
ܭ + 1 + ෍
ஶ
௡ୀଵ
2ߛଶߜଵଶߣସ(−1)௡ − 2ߜଵଶߣଶ(−1)௡
−ߜଵଶߣଶ − ߨଶߛଶߣଶ݊ଶ + ߨଶ݊ଶ , (54)
߰ଷଷ = −
ߜଵ
ܭ ,   ߰ଷସ = 0, (55)
߰ସଵ = −
1
ߜଵ + ෍
ஶ
௡ୀଵ
2ߜଵߣଶ(−1)௡
−ߜଵଶߣଶ − ߨଶߛଶߣଶ݊ଶ + ߨଶ݊ଶ, (56)
߰ସଶ =
1
ߜଵ − ෍
ஶ
௡ୀଵ
2ߜଵߣଶ
−ߜଵଶߣଶ − ߨଶߛଶߣଶ݊ଶ + ߨଶ݊ଶ, (57)
߰ସଷ =
1
ߜଶ − ෍
ஶ
௡ୀଵ
2ߜଶߣଶ
−ߜଶଶߣଶ − ߨଶߛଶߣଶ݊ଶ + ߨଶ݊ଶ, (58)
߰ସସ = −
1
ߜଶ − ෍
ஶ
௡ୀଵ
2ߜଶߣଶ(−1)௡
−ߜଶଶߣଶ − ߨଶߛଶߣଶ݊ଶ + ߨଶ݊ଶ. (59)
Eq. (47) defines a classical eigenvalue problem. The eigenvalues (ߣ௡) are computed by setting 
the determinant of the coefficient matrix in Eq. (47) to zero: 
ห߰௜௝ห = 0,   (݅,   ݆ = 1, 2, 3, 4). (60)
It can be seen quite readily that there are only six parameters, ߛ, ߜଵ, ߜଶ, ܭ, ܵ଴ and ܵ௅, in the 
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expression of ห߰௜௝ห = 0. The characteristic equation of Eq. (60) can be solved by assigning the 
proper values of ܵ଴ and ଵܵ corresponding to any specified boundary conditions. This procedure 
can be generalized to general nanorod systems as segments connected by elastic massless axial 
springs illustrating cross-sectional flexibilities. Afterward, jump conditions in Eqs. (37), (38) for 
free vibrations are established for each segment. The characteristic equation is then calculated as 
a nth-order determinant, equated to zero. As a result the eigenvalues of the problem may be 
explicitly obtained analytically. 
Omitting the Eqs. (37), (38) and setting ߦ௟భ, ߞ଴ equal to zero one obtains two homogeneous 
algebraic equations for uncracked case including ߦ଴  and ߞ௟మ . The eigenvalue equation can be 
established by setting the ߜଵ and ߜଶ equal to one: 
ቈ ෨߰ଵଵ ෨߰ଵଶ෨߰ଶଵ ෨߰ଶଶ቉ ൤
ߦ଴
ߞ௟మ൨ = 0, (61)
where: 
෨߰ଵଵ = −ܵ଴ + ߛଶߣଶ − 1 + ෍
ஶ
௡ୀଵ
2ߣଶ − 2ߛଶߣସ
−ߣଶ − ߨଶߛଶߣଶ݊ଶ + ߨଶ݊ଶ, (62)
෨߰ଵଶ = 1 − ߛଶߣଶ + ෍
ஶ
௡ୀଵ
2ߛଶߣସ(−1)௡ − 2ߣଶ(−1)௡
−ߣଶ − ߨଶߛଶߣଶ݊ଶ + ߨଶ݊ଶ , (63)
෨߰ଶଵ = 1 − ߛଶߣଶ + ෍
ஶ
௡ୀଵ
2ߛଶߣସ(−1)௡ − 2ߣଶ(−1)௡
−ߣଶ − ߨଶߛଶߣଶ݊ଶ + ߨଶ݊ଶ , (64)
෨߰ଶଶ = ߛଶߣଶ − ܵ௅ − 1 + ෍
ஶ
௡ୀଵ
2ߣଶ − 2ߛଶߣସ
−ߣଶ − ߨଶߛଶߣଶ݊ଶ + ߨଶ݊ଶ. (65)
5. Numerical results and discussion 
In this section, several numerical examples are detailed to demonstrate the validity of the 
presented modelling and solution, also quantifying and highlighting the effects of the crack 
parameter ܭ and nonlocal parameter ߛ on the dynamic response of the nanorods. The calculated 
values are computed using 60 terms in Eq. (60). 
5.1. Verification studies 
Prior to presentation of analytical results of the vibration frequencies, let us explore the 
accuracy and validity of the method proposed here. In order to validate the derived expressions, 
as well as to demonstrate their implementation, a cracked nanorod with hard axial springs is 
considered. The axial spring parameters are (For the large spring parameters, this problem 
essentially turns into the clamped-clamped case), the crack is located at any distance from the left. 
The crack parameter taken as for non-cracked nanorod. The comparison results for the vibration 
frequencies of the non-cracked nanorod for different modes are listed in Table 1. It can be seen 
that the present results are in good agreement with the previous studies. 
In the second validation study, and parameters are similar to first example and the other spring 
parameter is taken as zero means that there is no axial spring at this boundary, namely, the nanorod 
is free at this end. The comparison results are listed in Table 2. The results are good agreement 
with those obtained from previous studies. In addition, the comparison of the results calculated by 
using the proposed method and that computed by Hsu et al. [39] and Singh [45] are listed in 
Table 3. The following parameters are used: ߛ = 0, ߜଵ = 0.202 and ܭ = 0.1144. It is clear that the 
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accuracy of solution is responsive to the number of terms from the infinite Fourier sine series. In 
the present study, a good convergence is seen for the first terms. 
Table 1. Comparison of the first three frequency parameters of nanorod with clamped ends 
Clamped-Clamped ܵ଴ = ܵ௅ = 10000 
Mode Ref. [27] Ref. [44] Present ߣ௜ ߣ௜ ߣ௜
1 3.141 3.141 3.14259 
2 6.284 6.283 6.28095 
3 9.425 9.424 9.42368 
Table 2. Comparison of the first three frequency parameters of nanorod with clamped-free ends 
Clamped-Free ܵ଴ = 10000, ܵ௅ = 0 
Mode Ref. [27] Ref. [44] Present ߣ௜ ߣ௜ ߣ௜
1 1.571 1.570 1.57539 
2 4.712 4.712 4.73481 
3 7.854 7.853 7.85398 
Table 3. Comparison of the first three frequency parameters of cracked nanorod with clamped-free ends 
Clamped-Free ܵ଴ = 10000, ܵ௅ = 0 
Mode Ref. [39] Ref. [45] Present ߣ௜ ߣ௜ ߣ௜
1 1.4278 1.4278 1.42668 
2 4.5576 4.5579 4.51172 
3 7.8540 7.8540 7.85595 
5.2. Parameter studies 
In this section, the axial vibration of the considered nanorod is investigated and some results 
are compared with the results available in the literature. First frequency parameter of the cracked 
nanorod is presented in Table 4 for various values of spring (ܵ଴ , ܵ௅ ), crack ܭ  and nonlocal 
parameters ߛ. The results in this table are obtained by using Eq. (60) for the constant value of 
ߜଵ = 0.35. It may be noted that for the results given under the ܵ଴ = ܵ௅ = 10000 and ܵ଴ = 10000, 
ܵ௅ = 0 columns in Table 4 corresponding to the rigid boundary conditions (clamped-clamped, 
clamped-free). Since there is no reported work for the vibration of cracked nanorods with elastic 
restraints as far as the authors know, it is believed that the listed results in Tables 4 and 5 will be 
a reference with which other researchers can compare their studies. 
Table 4. Variation of the first frequency parameter (ߣ௜) for various values of ܵ௅, ܵ଴ and ܭ 
ߛ 
Clamped-Free Present 
ܭ = 0 ܭ = 0 ܭ = 0 ܭ = 0 
Ref. [27] ܵ଴ = 10000, ܵ௅ = 0 ܵ଴ = 10, ܵ௅ = 30 ܵ଴ = 10, ܵ௅ = 5 
0 1.570 1.576 2.3958 2.0289 
0.02 1.570 1.576 2.3934 2.0280 
0.04 1.567 1.573 2.3867 2.0255 
0.06 1.563 1.569 2.3755 2.0214 
0.08 1.558 1.564 2.3600 2.0155 
0.10 1.551 1.557 2.3487 2.0080 
Fig. 2 shows the variation of first vibration parameter of cracked nanorod with the location of 
crack. The crack severity and left spring parameter are assumed to be constant, ܭ = 1, ܵ଴ = 5. 
The nonlocal results are given for ܵ௅ = 1.0, ܵ௅ = 1.2, ܵ௅ = 1.3 and ܵ௅ = 1.5, respectively. In this 
example, the location of crack varies from ߜଵ = 0.01 to ߜଵ = 0.5. It can be concluded from the 
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figure that the influence of a crack on the dynamic behavior of the nanorod is sensitive to its 
location. One can observe that the first vibration parameter increases and the spring parameter ܵ௅ 
increases as the ߜଵ increases. This is due to the fact that the elastic strain energy decreases as the 
crack location is closer to the hard boundary condition.  
Table 5. Variation of the first frequency parameter (ߣ௜) for various values of, ܵ௅, ܵ଴ and ܭ 
ߛ 
Clamped-Free Present 
ܭ = 0 ܭ = 0 ܭ = 0.5 ܭ = 1.0 
Ref. [27] ܵ଴ = ܵ௅ = 10000 ܵ଴ = ܵ௅ = 1 ܵ଴ = ܵ௅ = 2 
0 3.141 3.140 1.2750 1.6088 
0.02 3.135 3.134 1.2748 1.6086 
0.04 3.117 3.116 1.2746 1.6080 
0.06 3.087 3.086 1.2743 1.6069 
0.08 3.046 3.046 1.2738 1.6053 
0.10 2.997 2.997 1.2733 1.6033 
 
Fig. 2. Effect of the crack position on dynamic behavior for different boundary conditions 
The changes of the first frequency parameter in the case that a crack located at its middle 
section ߜଵ = 0.5 with same values of nonlocal parameter ߛ = 0.1 and different values of crack 
parameter ܭ  are presented in Fig. 3. A cracked nanorod is considered with the boundary 
conditions ܵ଴ = 1, 1.5, 2.0 at left end and ܵ଴ = 1, 1.5, 2.0 at right end as a symmetric boundaries. 
It is seen that crack reduces the vibration frequencies because the nanorod stiffness decreases. 
This is as expected since a crack represents a loss of material. This will be used to detect the 
location of the crack in a nanostructure.  
 
Fig. 3. First vibration frequencies as a function of crack severity ܭ located at its middle section 
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The effect of the nonlocal parameter on the dynamic behaviour of cracked nanorod is 
demonstrated in Fig. 3. This figure displays the first normalized natural frequency ratios, as a 
function of nonlocal parameter for selected spring parameter ܵ଴ = 1000, crack severity ܭ = 0.5, 
and crack position ߜଵ = 0.4. The most important observations are as follows. The differences 
between the nonlocal theory and those of the local theory increase, as the nonlocal parameter ߛ 
increases, especially for the higher spring parameters (ܵ௅). The frequency ratios decrease rapidly 
at higher values of the spring parameters. The effects of different boundary conditions and 
nonlocal parameter on the frequencies of cracked nanorod are also presented in Fig. 3. The left 
spring parameter ܵ଴ and crack severity ܭ are assumed to be 1.5 and 5, respectively. Fixing the 
crack position at ߜଵ = 0.1 and varying the nonlocal parameter ߛ results in a significant change in 
the frequency parameter ratios. One can note as the nonlocality parameter ߛ  increases, the 
frequency parameter ratios decreases, which highlights the significance of the small scale effect. 
a) 
 
b) 
Fig. 4. First vibration frequencies as a function of nonlocal parameter 
The first frequency parameter of the cracked nanorod with crack severity (ܭ = 0.1144) is 
shown in Fig. 5. The following parameters are used: ߜଵ = 0.2002, ߛ =  0.1. The effect of 
deformable boundary conditions (ܵ଴, ܵ௅) is investigated in this example. All frequencies decrease 
with an increase of the nonlocal parameter. In addition, the effect of the nonlocal parameter on the 
frequencies is significant for the higher values of the spring stiffnesses ܵ଴, ܵ௅, especially, for the 
clamped-clamped case. The small scale effect is taken into consideration in the vibration analysis 
that makes the nanorod stiffer. Therefore, a higher small scale parameter ߛ leads to a decrease of 
the crack effect on the vibration frequency.  
 
Fig. 5. First vibration frequencies as a function of nonlocal parameter for a cracked nanorod 
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6. Conclusions 
On the basis of the nonlocal elasticity theory, the longitudinal vibration behavior of cracked 
nanorods with deformable boundary conditions was studied by implementing Stokes’ 
transformation. Crack was modeled by an axial spring representing the discontinuity in the axial 
displacement. The nanorod was assumed to be divided into two parts by the crack. Using two 
Fourier sine series, frequency determinant was derived and the vibration frequencies were 
determined by the characteristic equation. Presented results were confirmed by the results via 
using a cracked nanorod with rigid boundary conditions. The conclusions are itemized below: 
1) By using this method, the eigenvalue equation for a cracked nanorod with any kinds of 
boundary conditions can be conveniently determined from a fourth order determinant. It is not 
necessary to sellect a new set of displacement functions for each change in supporting conditions.  
2) Influence of a crack on the dynamic behavior of the nanorod is sensitive to its location.  
3) The vibration frequency of nanorods is shown to be dependent on the crack position and the 
end conditions.  
4) It is observed that the influences of crack severity, nonlocal parameter and location of crack 
on the vibration frequency of the cracked nanorod are significant.  
5) The small scale effects are more prominent for hard springs compared to the soft ones.  
6) The frequency parameter decreases with an increase of the crack severity for the nanorod 
with any boundary conditions.  
7) A larger small scale parameter leads to a decrease of the crack effect on the vibration 
frequency.  
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